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Abstract— In this paper we have examined Bianchi type-lll string cosmological model in the presence of magnetic field. To get determinate solutions,
the Einstein’s field equations have been solved for two cases (i) Reddy string and (i) Nambu string. The physical and geometrical behaviour of these

models are discussed.
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1 INTRODUCTION

At very early stage of evolution of universe, it is assumed that
during the phase transition, the symmetry of universe is bro-
ken spontaneously. It can give rise to topological stable defects
such as domain walls, strings and monopoles (Kibble1976).0f
all these cosmological structures, cosmic string play a vital
role in structure formation in cosmology (Zel’dovich1990).1t is
believed that the vacuum strings give rise to density fluctua-
tions sufficient in formation of galaxies (Zel’dovich1990).The
cosmic strings have their stress-energy coupled to the gravita-
tional field. Therefore, the study of gravitational effects of
such strings will be of interest.

The present day configuration of the universe is not contra-
dicted by large scale network of strings in the early universe.
The general relativistic formation of cosmic strings, are given
by Letelier (1979 1983) and Stachel (1980).In string theory, the
myriad of particle type is replaced by single fundamental
building block, a string. These strings can be closed, like a loop
or open, like a hair. As the string moves through time it tress
out a tube or a sheet, according whether it is close or open.
Since strings are not observed at present time of evolution of
universe one can illuminate strings and end up with cloud of
particles.

String cosmological models have been studied by many au-
thors. A number of general relativistic exact solution were in-
vestigated for Bianchi type II,VIO ,VIII & IX string cosmologi-
cal models by Krori et al.(1990). A class of cosmological solu-
tions of massive strings for Bianchi type VIO space time has
been obtained by Chakraborty (1991). Roy and Banerjee (1995)
have investigated some LRS Bianchi type II string cosmologi-
cal models which representgeometrical and massive strings.
Wang (2004 2005 2006) has investigated and discussed some
cosmological models and their physical implication in some
Bianchi type space times.

The magnetic field has important role at the cosmological scale
and is present in galactic and intergalactic spaces. The im-
portance of the magnetic field for various astrophysical phe-
nomenon has been studied in many papers. Melvin (1975) has
pointed out that during the evolution of universe, the matter is
in highly ionized state and is smoothly coupled with the field,
subsequently forming neutral matter as a result of universe

expansion. Therefore considering the presence of magnetic
field in strings universe is not unrealistic and has been inves-
tigated by many authors (Banerjee et al. 1990;Shri Ram and
Singh1995; Singh and Singh1999; Baliand Upadha-
ya2003).Banerjee et al.(1990) investigated some cosmological
solutions of massive strings for Bianchi type I space time in the
presences and absence of magnetic field. Tikekar and Patel
(1992) obtained some exact solutions of massive string of Bian-
chi type III space time presence and absence of magnetic field.
Recently Upadhaya and Dave (2008) have investigated Bianchi
type Il massive string cosmological model in the presence and
absence of magnetic field, under the assumption that the ex-
pansion (€) in the model is proportional to the shear (o)
which lead C = A" and have obtained particular solution for
n=1

In this paper we have investigated Bianchi type III cosmologi-
cal model in the presence and absence of magnetic field. To
obtained exact solution field equations, we have considered
Reddy string and Nambu string. The physical behaviour of
models are also discussed.

2. THE METRIC AND FIELD EQUATIONS

We consider the Bianchi type III space time in the form

ds? = —dt? + A%dx® + B%e **dy? + C?dz? 1)
where A, B and C are functions of tonly and & is a constant.

The energy momentum tensor for a cloud of string dust with
magnetic field along the z-direction of the string is given by

1( 1 |
T, = puu; — A%X; +E(ng”ij_Zg”F'mFm 2)
where U; and X; satisfy the conditions
uu’ =—xx'=-1 u'x, =0 3)
pis the energy density for a cloud string with particles at-

tached to them, A is the string tension density, u'is the four-

velocity of the particles, and X' is a unit space-like vector rep-
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resenting the direction of string. In a co-moving coordinate
system, we have

. . 1
u'=(0,001, x' = (O,O,E,O), 4)
The particle density of the configuration is given by

p=p,+A ©)

The electromagnetic field tensor Fij has only the non-zero

component F;,because the magnetic field is assumed to be

along the Z-direction. Subsequently Maxwell equation

Fix +Fj;+Fq; =0 and [F”(—g)%} =0
ik

lead to
F,=Ke™ (6)
where K is a constant so the magnetic field depends upon the space

coordinate x only. From (2), (4) and (6), it follows that F;, = 0.
The Einstein’s field equation

1
R; — 5 Rg; =—-8xT; (7
for the metric (1) lead to the following system of equations:

AB BC AC a® K?

—t—+—————=8 8
AB BC AC Az ar % ®
B ¢ BC K?2
—t—t—4—=0 o)
B C BC A
A C AC K?

S+ =4 —=0 (10)

A C AC A

; R

AL E—Q—Z—K4—87z/l (11)

A B AB A?2 A

a A_B =0 (12)
A B

where a dot (.) over a variable denotes ordinary differentiation with
respect to time t. From equation (12), we have two cases & = 0 and
A =B .When o =0, the metric (1) degenerates into Bianchi type
1. Since we have considered Bianchi 111 symmetry, we assume that

« is non-zero and A = B . Thus the field equations (8)-(11) reduces
as

AC ﬁ—0[—2—K2—87z (13)
AC AL A AP

A A? o? K?

AR AN AR Oy ) 14
A A2 A? A* 44
A C AC K?

—+—+—+—=0 (15)

3 SOLUTIONS OF THE FIELD EQUATIONS
The field equations (13) -(15) are a system of three equations

with four unknown parameters 0, 1, Aand C .One addition-

al constraint relating these parameter is required to obtain
explicit solutions of the system. We assume that the expansion

(0) is proportional to the shear (0 ). This condition lead to

C=A"

where N is a constant.

(16)

To obtain exact solutions, we solve the field equations for the
following two cases.

3.1 Casel: Reddy String
In this case
p+A=0 (17)
From (13), (14) and (17) we obtain
AC A* A o K°
—+—2+———2——4=0 (18)
AC A° A A A
Using (16), the above equation reduces to
A A2 _a’  K?
—+(n+1 —+—F 19
A =t (19)
LetA=f (A) which impliesthat A= ff’ , Where
prodt
dA
Hence (19) can be written as
2 2
i(f2)+Mf2:2 2K_ (20)
dA A A A
By integrating (20) we find
2 2
SRCANL SNV 1)
"n+l n
where M is integration constant. Therefore, we have
2
(d_Aj LSS
dt n+ 1 n 22)
Thus the metric (1) reduces to the form
ds® = ( at j dA? + A%dx? + A%e **dy?
dA (23)
+ A”"dz?
2
=—— > il +T 2dx?
o K 2(n+1)
—  +— A+ MA (24)
n+l n

+T%°™dy® + T *"dz?
where A=T,X=X,y=Y,z=2

In the absence of magnetic field i.e. when K — O then
the metric (24) reduces to the form
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dT?

+ T 2dx?
a

ks MA~2() (25

+T%e?dy® + T *"dz?

~

3.1.1 Geometrical and physical significance of model

The energy density (), the string tension (1), the particle
density ( pp) , the scalar of expansion () and the shear (o)
for the model (24) are given by
1] na®  (n+DK?
& @[(n )Tz T
z:-i{ na?  (n+1)K?
87| (N+1)T?

(2n+1)M
T 2(n+2) (26)

(2n+1)M } -

nT 4 T 2(n+2)
1| 2na? 2(n+)K?*  2(2n+1M
Po =0~ 2 4 2(n+2) (28)
87| (n+1T nT T

a2 KZ M %

0:(n+2)|:(n+1)-|-2 + nT4 +T2(n+2):| (29)

, (n-1)° o’ K? M
T8 T Tt R )

2 12
6—2 = (n_l)z = const (31)
0% 3(n+2)
The deceleration parameter is given by

___RIR

R?/R?
o K* M@+
1_ n nT 4 T 2(n+2)
= + (32)
n+2 (n+2) a + K2+- M
(n+D)T? nT* T2
From the (32), we observe that
1- n(n+1)M
2T 2(n+))
q> 0 if a1 L. (33)
L D KE M 373
aZ nT 2 T 2(n+1)

and

_n(n+)M

1
21 2(n+1)
q<0 if a1 4

1+(n+1)[K2+ M ]

<2 (34)
3

n
3

o \nT?2 T2
The energy condition p > 0implies that
(n+1K? . 2n+)M _ - na’
nT? TXM T n+l
The particle density ( pp) and tension density (A1) of the

(35)

cloud string vanish asymptotically in general if (N+2) >0
.The expansion in the model stops when N = —2 The model
starts expanding with a big bang at T = 0 and the expansion
in the model decreases as time increases if (N+ 2) > 0.The
model (24) has singularity at T =0 .The physical parameters
£ A Ppare infinite at the singularity T = 0and decreases as

T — 00.The energy density and expansion in the model de-
creases rapidly in the presence of magnetic field. Since

. O
lim —0 # 0. Hence the model does not approach isotropy for
T

large value of T .For the condition
1- n(n+1)M
o 2T 20D n 4
D/ K2 M + 5 < 5 ,the solution gives
n+
1+ (n+1) +
a 2 nT 2 T 2(n+1)
accelerating model of the universe and for the condition
1 n(n+1)M
- o 2T 2D n 4
+—>—
(n+)( K2 M 373
1+ 2 2 T Tama
a? \nT? T2

, our solution repre-
sents decelerating model of the universe and (] approaches at

2K (n+2)M _ -af
a2 TET i
constraint@ =1, K =1and M =1, the energy density ()

Further under the

value -1 when

and particle density (p,) is positive for—2 <n<—land
N > O (Fig.1 and Fig.2).
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time
Fig. 1. n=-1.5,0.5, 1.5

1 2 3 4

[T¥]
T

particle density
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[
T

time
Fig. 2. n=-1.5, 0.5, 1.5

1 2 3 4

aZ M %
0= (n+2)|:(n+1)-|-2 +T2(n+2):| (40)
, (n-D%  af M
° T3 {(n FOT? T “
2 2
i:M:const (42)
0> 3(n+2)°

In the absence of magnetic field, the particle density ( pp) and

tension density (A) vanish when T — 00 .The expansion in the

model decreases as time increases if N+ 2 > 0exceptn = —1.

.. O
Since lim Z # 0.Then the model does not approach isotropy
T
for large values of T . Further under the constraint

a =1, K =1and M =1, the energy density () and particle

1
density (p,,) is positive for—2 <N < -1 and n > 5

In the absence of magnetic field, the energy condition p >0

lead to
(2n+1)M >—na2
T2 7 gl

and the physical parameters o, A, p;,6 and O are given

_ 1| na? +(2n+1)M
Pz (niT? | T2
1| na? +(2n +1)M
87| (n+nT? T2

_ 1| 2na’ +2(2n+1)|\/|
Ay T N R

time
1 2 1 4 5
f-.-r' I
-1 I"
[
Z72
|
[af}
T -3
|
5
Fig. 3. n=-0.5,-0.23, -0.25
time
1 2 3 4 5
(36) P i T
=1
= [|
=
©7) g2y
il
=]
A
(38) ]
. ‘ |
(39) sl
Fig. 4. n =-0.5, -0.66,-0.75
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3.2 Case II: Nambu String

In this case

p=A

From (13), (14) and (43) we obtain
A AC _

A AC

Using (16), the above equation reduces to

. .\ 2
A A

which on integration gives

A=(1-n)"(at +b) =0

where @and D are constants of integration.

(43)

(44)

(45)

(46)

Hence we obtain
B = (1—n) =" (at + b) =
C =(@-n)’i"(at +b)’n

Thus the metric (1) reduces to the form

ds? =—dt? + (1—n) " (at +b) - dx?

+(1—n) 0 (at + b) ine 2 gy?

+(1—n) 7 (at +b) T dz? @)

After a suitable transformation of coordinate, the metric (49)
takes the form

OISZ__dT2

a2

(47)

(48)

+(1—n) T Hongx 2

+(1—n)nT Ang 2y 2 4 (1) T Pz (s0)
whereT =ax+b, x=X,y=Y,z=Z

3.1.2 Geometrical and physical significance of model

0-—2 = 1 = const (55)
0> 3
The deceleration parameter is given by
q=— R/R _1-4n )
R?/R? n+2
From (56), we observe that
_ 1
g<0ifn> 2 (57)
and
_ 1
g>0ifn<= (58)
4
The energy condition 0 > 0 implies that
2 2 2
(2n+Da S a K 59)

(1— n)2 - (1_ n)%—nT %—n " (1_ n)%*”T %—n
The energy density and string tension are infinite at singularity
T =0and decreasing as T —> o0.The expansion in the model
stops when N = —2 .The model starts expanding with a big bang at
T =0and the expansion in the model decreases as time increases

. O
Since lim — # 0 .Hence the model does not approach isotropy for

T > 0

large value of T .The model (50) has singularity atT = 0. For the

1
condition N <Z the solution gives accelerating model of the uni-

1
verse and for the condition N > Z , ours solution represents deceler-

ating model of the universe and (] approaches at value -1 when

N = 1.Further under the constraintax =1land K =1, the energy
density p is positive for N > 4 (Fig.5).

5
The energy density (0) , the string tension (1) , the particle density '
(p,) . the scalar of expansion (6)) and the shear (o) for the mod- ar |
el (50) are given by
2.0 |
1| (2n+1)a? a’ K? g 3 |
=A== - - W
8 (1—n)2T2 (1_n)%—n'|'%—n (1_n)%—n'|'%—n = | 1
(51) T\
p, =0 (52) .
= M (53) .\\_:\-
(@=n)T 1 2 3 4 5
n 2 2 ;
L (n+ )2a . (54) - time
31-n)°T Fig.5.n=4,6,8
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In absence of magnetic field, the energy condition p = O lead to

Qn+Da2> a’

2 60
(1— n)z (1_ n)z%—nT 2%—n (0
and the physical parameters p, A, 0,6 and o are given by
_,_1]@n+Da® o’ 6D
87| (L-n)’T?  (q—p)PnT%in
Py = 0 (62)
6= M (63)
@-nT
2
2 _ (n+2)2a2 (64)
3Q1-n)°T
2—1—mmt (65)
0* 3

In the absence of magnetic field, the particle density and tension
density vanish when T —> O. The expansion in the model decreases

. O
as time increases. Since lim — %= 0. Hence the model does not

T oo 9

. e O
approach isotropy for large value of T . Since lim — # 0 .Hence

T 9
the model does not approach isotropy for large value Of T .Further
under the constraintcx =1and K =1, the energy density (p) is
positive for N > 3 (Fig.6).

5
||
a4t
|
z,l |
e [
a1
= [ 1
2- |
1r 1
Y
1 2 3 4 5
time
Fig.6.n=3,5,7

_q i
|
I
=2
2|
1] |
2 r II
\,
100
N
12 *\_3 4 5
-1 L e time
\
llu
III
Fig.7.n=15,2,3
dJ|
3H|
|
z ||
= I|
% 2 |||
|1
\
1- II|
== 5
-1 time \‘\
Fig.8.n=15,1.7,2

4 Conclusion

We have discussed Bianchi type III cosmological model for
two cases (i) Reddy string and (ii) Nambu string. It is found
that in both the cases, the model always represent accelerating
and decelerating universe under the conditions (33), (34) and
(57), (58). It has been shown that in the case of Reddy string
and Nambu string, the models are not free from singularities.
It is reasonable to say that cosmological model is required to
explain acceleration in present universe. Therefore, our theo-
retical models are in agreement with recent observations
(Perlmutter et al.1999; Garnavich et al.1998; Riesset al.1998;
Schmidt et al.1998). Further wunder the constraint
a=1,K=1M =1for Reddy string, in the presence of

magnet, the particle density is negative in—1<N <0 and in
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1
the absence of magnetin—1<n< _E (Fig. 3 and Fig. 4). For

Nambu string under the constraintx =1, K =1, in the pres-

ence of magnet, the energy density is negative in N < 3and in
the absence of magnet in N < 2 (Fig. 7 and Fig. 8).
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